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Abstract A method for quantifying the overall Poisson’s

ratio of a rod undergoing torsional loading is proposed and

applied for a concentrically compound rod with inner core

and outer shell of similar shape but opposite Poisson’s ratio

signs. Results show that a concentric compound rod with

auxetic core exhibit same effective Poisson’s ratio signs

but with greater magnitude under torsional loading than

under axial loading. However, a concentric compound rod

with auxetic shell exhibits a range of volume fraction

whereby the overall auxeticity of the rod is loading mode

dependent, i.e., it behaves as a conventional rod under axial

loading but as an auxetic rod under torsional loading.

Hence a compound rod with conventional core and auxetic

shell can be used as a smart structure that gives different

response depending on the type of loading imposed on it.

Introduction

As in the case of negative thermal expansion materials

(e.g., [1–3]) and negative refractive index materials (e.g.,

[4]), negative Poisson’s ratio materials, which are also

known as auxetic materials, possess material behavior that

is counter intuitive. Most materials exhibit positive Pois-

son’s ratio, in that they get thinner or fatter when stretched

or compressed, respectively. Auxetic materials are solids

that behave in the opposite way. Due to the counter intu-

itive manner by which they behave, investigations into

auxetic materials have been pioneered [5–12]. Numerous

models have been proposed to shed insights for elucidating

the negative Poisson’s ratio behavior and its other

accompanying properties (e.g., [13–18]). Equally explored

is the interdisciplinary area of auxetic composites [19–22],

whereby methods for processing auxetic fiber composites

have been established (e.g., [23, 24]) and the behavior of

auxetic fibers in composites have been investigated [25–

27]. Depending on the stacking sequence of conventional

anisotropic laminas, auxetic behavior has been found in the

in-plane or out-of-plane of laminates. As a subset of this, a

laminate made from isotropic laminas with alternating

conventional and auxetic laminas exhibits Young’s mod-

ulus that not only exceeds the simple rule of mixture but

also exceeds the modulus of the stiffer phase [28–33]. A

similar effect is seen in the use of fibers and matrix

materials of different Poisson’s ratio signs [34]. An

example of the above-mentioned laminate is that of

bimaterial strip that consists of significantly different

property, such as their Poisson’s ratios [35, 36]. Another

example is the sandwich structure with auxetic cores or

auxetic facesheets [37–45]. In view of the recent work

on auxetic cylinders, tubes, rods and related geometry

[46–48], this article proposes a way to evaluate the effec-

tive Poisson’s ratio of a rod consisting of a core and shell of

similar shape but possessing opposite Poisson’s ratio signs.

Theory and formulation

Consider a rod of length L made from N number of discs in

a series arrangement as shown in Fig. 1a, and another rod

also of length L made from N number of hollow rods of

similar shape in concentric arrangement as shown in

Fig. 1b.

With reference to Fig. 1a, a rod consisting of different

material properties arranged in series will experience

T.-C. Lim (&)

School of Science and Technology, SIM University (UniSIM),

Singapore, Singapore

e-mail: alan_tc_lim@yahoo.com

123

J Mater Sci (2011) 46:6904–6909

DOI 10.1007/s10853-011-5655-9



common torsion while the twist angle distribution is

piecewise. Therefore, a single or constant torque is

imposed

T ¼ Tn; ðn ¼ 1; 2; . . .;NÞ ð1Þ

while the overall angular twist over the entire length of the

rod is summed up from individual twist angles from every

disc, i.e.,

u ¼
XN

n¼1

un: ð2Þ

Conversely, the torsion of a rod made from

concentrically similar-shaped rods, as shown in Fig. 1b,

produces common angular twist from one end to the other,

while the torsional load is piecewise distributed radially.

Therefore, a single or constant angular twist is imposed

u ¼ un; ðn ¼ 1; 2; . . .;NÞ ð3Þ

while the total torsional load is summed from individual

torsional load from each concentric rod.

T ¼
XN

n¼1

Tn: ð4Þ

The framework specified by Eqs. 3 and 4 is adopted in

the proceeding analysis. It follows that this model is valid

for perfect bonding at the interfaces of adjacent cylinders,

and that the elastic properties from the bonding adhesive is

negligible if it’s modulus is in the same order as those of

the concentric cylinders with the adhesive thickness being

very small in comparison to the radial dimension of each

cylinder. The relation between the applied torsion, rod

length, shear modulus, polar moment area perpendicular to

the torsional axis, and the angular twist for a solid

prismatic rod of arbitrary cross-section is given by

TL

u
¼ GJ ¼ GCD4 ð5Þ

whereby the polar moment area of the solid rod’s cross-

section is J ¼ CD4, in which D is a characteristic

dimension of the rod cross-section and C is cross-

sectional shape dependent coefficient. Writing

G ¼ E

2ð1þ vÞ ; ð6Þ

we have the following relation

1þ v ¼ CD4Eu
2LT

ð7Þ

whereby the RHS term is a dimensionless group.

For an arbitrary cross-section with a hollow of similar

shape, the polar moment of area is J ¼ CðD4
o � D4

i Þ such

that

1þ v ¼ CD4
oEu

2LT
1� Di

Do

� �4
" #

; ð8Þ

whereby a similar dimensionless group appears on the

RHS. It can be seen for both cases that the effective

Poisson’s ratio of a rod consisting of an inner core of

arbitrary cross-section and a similarly shaped outer shell

undergoing torsion is a function of two dimensionless

groups

vTOR ¼ f
CD4

oEnu
2LT

;
Di

Do

� �
; ðn ¼ 1; 2Þ ð9Þ

A benefit of expressing the effective torsional Poisson’s

ratio in terms of the characteristic dimension and a

geometrical dimension is in its generic applicability such

that a master curve can be plotted for representing a

generalized rod cross-section under infinitesimal torsion,

see Table 1. Another benefit is the identification of a

dimensionless group, from which the effective Poisson’s

ratio of a compound rod can be inferred.

A rod consisting of an outer shell and an inner core with

similar shape is a simplified case of a concentrically

arranged rod. Hence the overall torsion is combined from

both components while the angular twist is common

T ¼ Ti þ To ¼
u
L

GiJi þ GoJoð Þ; ð10Þ

such that

Fig. 1 A rod made from N different materials in a series arrange-

ment, and b concentric arrangement
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TL

u
¼ CD4

i Ei

2ð1þ viÞ
þ CðD4

o � D4
i ÞEo

2ð1þ voÞ
: ð11Þ

To pave a way for comparison and illustration,

normalization is imposed for both the inner core and

outer shell materials. Normalizing the Young’s modulus

Ei ¼ Eo ¼ E, we obtain an expression for the inverse of the

dimensionless group,

2TL

CD4
oEu
¼

Di

Do

� �4

1þ vi

þ
1� Di

Do

� �4

1þ vo

: ð12Þ

On the basis of the effective torsional Poisson’s ratio

being functions of the identified dimensionless groups as

described in Eq. 7, the effective Poisson’s ratio under

torsional load can be inferred as

1þ vTOR ¼
CD4

oEu
2LT

ð13Þ

such that substituting Eq. 12 into Eq. 13 gives

vTOR ¼
ð1þ voÞð1þ viÞ

ð1þ voÞ Di

Do

� �4

þð1þ viÞ 1� Di

Do

� �4
� �� 1 ð14Þ

For comparison with the Poisson’s ratio under axial

loading, we have its corresponding effective Poisson’s ratio

vAX ¼
Di

Do

� �2

vi þ 1� Di

Do

� �2
" #

vo: ð15Þ

To illustrate the change in the overall auxeticity of a

semi-auxetic rod, we consider a special category whereby

the Poisson’s ratio of the core and shell possess equal

magnitude but opposite signs. Since the Poisson’s ratio of

an isotropic material is within the range �1� v� 0:5, we

select two cases: (i) auxetic core, in which the inner core

Poisson’s ratio is vi ¼ �0:5 and the outer shell Poisson’s

ratio is vo ¼ 0:5, and (ii) auxetic shell in which vi ¼ 0:5

and vo ¼ �0:5. See Fig. 2.

Auxetic core rod

For the special case of auxetic core rod, the effective

Poisson’s ratio under axial loading mode and torsional

loading mode are

vAX ¼
1

2
� Di

Do

� �2

ð16Þ

and

vTOR ¼
3

6 Di

Do

� �4

þ2 1� Di

Do

� �4
� �� 1; ð17Þ

respectively. Plots of the effective Poisson’s ratios with

reference to the inner-to-outer characteristic dimension

ratio, ðDi=DoÞ, are shown in Fig. 3.

Table 1 Generalization polar moment of area using characteristic dimension and a geometrical coefficient

Cross-sectional

shape

Cross-sectional

dimension

Coefficient of polar

moment cross-section

Polar moment area

for solid rod

Polar moment area

for hollow rod

Arbitrary Characteristic dimension, D C CD4

CD4
o 1� Di

Do

� �4
� �

Circular Diameter, d p
32

p
32

d4
p
32

d4
o 1� di

do

� �4
� �

Square Side, a 1
6

1
6

a4
1
6

a4
o 1� ai

ao

� �4
� �

Equilateral triangle Side, b
ffiffi
3
p

48

ffiffi
3
p

48
b4 ffiffi

3
p

48
b4

o 1� bi

bo

� �4
� �

Fig. 2 The various semi-auxetic combined rods which can be

represented by the arbitrary cross-section on the basis of Eq. 14

6906 J Mater Sci (2011) 46:6904–6909

123



Perusal to this figure, as well as to Eqs. 16 and 17 show

that such rods possess zero Poisson’s ratio at ðDi=DoÞ ¼
0:50:5 such that they exhibit an overall conventional

behavior for ðDi=DoÞ\0:50:5 and overall auxetic behavior

for ðDi=DoÞ[ 0:50:5. More strikingly, the effective Pois-

son’s ratio is of higher magnitude when the rod undergoes

torsion as compared to axial loading.

Auxetic shell rod

In the special case of auxetic shell, the effective Poisson’s

ratio for axial and torsional loading modes are

vAX ¼ �
1

2
þ Di

Do

� �2

ð18Þ

and

vTOR ¼
3

2 Di

Do

� �4

þ6 1� Di

Do

� �4
� �� 1; ð19Þ

respectively. Variation of the effective Poisson’s ratios

with respect to the inner-to-outer characteristic dimension

ratio, ðDi=DoÞ, are plotted in Fig. 4.

As in the previous section, the effective Poisson’s ratio

for axial loading is zero at ðDi=DoÞ ¼ 0:50:5. Unlike the

previous case, the effective Poisson’s ratio, under the

influence of torsional load, is zero at ðDi=DoÞ ¼ 0:750:25.

As a result the rod exhibits an overall auxetic behavior for

ðDi=DoÞ\0:50:5 and an overall conventional behavior for

ðDi=DoÞ[ 0:750:25 regardless of the loading mode. For the

range 0:50:5\ðDi=DoÞ\0:750:25, the rod exhibits a mixed

behavior which is loading mode dependant, i.e., it behaves

as a conventional rod when an axial load is imposed but as

an auxetic rod during twisting.

Discussion

For the purpose of symmetry, the plots of effective Pois-

son’s ratio of the combined rods in Figs. 3 and 4 are rep-

lotted against the inner-to-outer characteristic dimensions

raised to the second and fourth powers, respectively, as

depicted in Figs. 5 and 6.

The range of the inner-to-outer rod dimension that gives

rise to different auxeticity levels, i.e.,

0\vAX\vTOR; 0:0\ðDi=DoÞ2\0:5

vTOR\vAX\0; 0:5\ðDi=DoÞ2\1:0

)

,
vi

vo

	 

¼ 1

2

�1

þ1

	 

ð20Þ

for the auxetic core and

Fig. 3 The effective Poisson’s ratio of a semi-auxetic rod with an

auxetic core under axial load (dashed curve) and torsional load (solid
curve)

Fig. 4 The effective Poisson’s ratio of a semi-auxetic rod with an

auxetic shell under axial load (dashed curve) and torsional load (solid
curve)

Fig. 5 A symmetric plot of the effective Poisson’s ratio of a semi-

auxetic rod with an auxetic core under axial load (dashed curve) and

torsional load (solid curve)
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vTOR\vAX\0; 0:00\ðDi=DoÞ4\0:25

vTOR\0\vAX; 0:25\ðDi=DoÞ4\0:75

0\vTOR\vAX; 0:75\ðDi=DoÞ4\1:00

9
>=

>;

,
vi

vo

	 

¼ 1

2

þ1

�1

	 

ð21Þ

for the auxetic shell may well be elucidated by the area

property of the rod cross-section. In the case of auxetic

shell, the higher auxeticity that is manifested during tor-

sional loading mode as compared to axial loading mode is

attributed to the greater influence of the outermost rod

material. This results in a more negative effective Poisson’s

ratio during torsion than during axial loading for any value

of ðDi=DoÞ. In the case of auxetic core, the lower auxeticity

for torsional loading as compared to that of axial loading

for a relatively small core is due to the strong influence of

the conventional shell. As ðDi=DoÞ increases, the overall

auxeticity of the rod in the context of torsional loading

catches up and exceeds the overall auxeticity in the context

of axial loading.

Conclusions

An indirect way for describing the effective Poisson’s ratio

of a prismatic rod undergoing torsional loading has been

proposed and applied for the case of a concentrically

compound rod consisting of an inner core and outer shell of

similar shape but opposite Poisson’s ratio signs.

Within the category of whereby the core and shell

possess equal Poisson’s ratio magnitude, plotted results

reveal different torsional loading auxeticity but equal axial

loading auxeticity. For a concentric compound rod with

auxetic core and conventional shell, the sign of the effec-

tive Poisson ratio under torsional loading follows that

under axial loading, but with slightly greater magnitude.

For a concentric compound rod with conventional core and

auxetic shell, there is a range of relative volume fraction

whereby the rod exhibits overall conventional and auxetic

behavior under axial and torsional loading modes, respec-

tively. This phenomenon has been elucidated herein from

the standpoint of cross-sectional area properties of rods

undergoing axial and torsional loading modes. Hence a

compound rod with auxetic shell exhibits greater extent of

loading mode-dependent auxeticity than that with auxetic

core. The present results suggests the use of a compound

rod with conventional core and auxetic shell as a smart

structure that gives different response depending on the

type of loading imposed on it.
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